Abstract. It was proved by Tien-Cuong Dinh and me that there is a smooth complex projective surface whose automorphism group is discrete and not finitely generated. In this paper, we will show that there is a smooth projective surface, birational to some K3 surface, such that the automorphism group is discrete and not finitely generated, over any algebraically closed field of odd characteristic except precisely an algebraic closure of the prime field.
Introduction
Let p be an odd prime integer and let F p := Z/(p) be the prime field of characteristic p. Let F p (t) be a purely transcendental extension of degree one of the field F p . We choose and fix an algebraic closure k 0 of F p and an algebraically closed field k such that F p (t) ⊂ k, eg. an algebraic closure of the field F p (t). Note that any algebraically closed field of characteristic p is isomorphic to either k 0 or some k defined here. For our purpose, we may and will assume that F p ⊂ F p n ⊂ k 0 ⊂ k for all integers n ≥ 1. Here F p n is a finite field of cardinality p n . Throughout this paper, we work in the category of projective varieties defined over either k 0 or k. Our main results are Theorem 1.1 and Corollary 1.2 below. Both (1) and (2) in Theorem 1.1 are related to a question posed by [DO17, Prob.1.2]; (2) gives an affirmative answer in any odd characteristic, whereas (1) provides a negative evidence over k 0 . Theorem 1.1.
(1) Let k 0 be the base field. Then for any smooth projective surface Y birational to any K3 surface, the group Aut(Y /k 0 ) is finitely generated.
(2) Let k be the base field. Then there is a smooth projective surface Y birational to some K3 surface such that Aut (Y /k) is not finitely generated. Remark 1.3. Let S be a K3 surface defined over an algebraically closed field K, that is, a smooth projective surface defined over K with h 1 (S, O S ) = 0 and with a nowhere vanishing global regular 2-form. Recall that S admits no non-zero global regular vector field also in positive characteristic, i.e., H 0 (S, T S ) = {0}. This is due to Rudakov and Shafarevich [RS76, Th. 7] . Therefore, Aut (S/K) is discrete, i.e., Aut 0 (S/K) = {id S }. Here Aut 0 (S/K) is the identity component of the K-scheme Aut (S/K). Recall also that Aut (S/K) = Bir (S/K) by the minimality of the surface S.
If we have a birational
The author is supported by JSPS Grant-in-Aid (S) 15H05738, JSPS Grant-in-Aid (B) 15H03611, and by KIAS Scholar Program. morphism τ : T → S from a smooth projective surface T , then we have an inclusion H 0 (T, T T ) ⊂ H 0 (S, T S ) via τ and therefore Aut (T /K) is also discrete as well. Moreover, Aut (T /K) can be regarded as a subgroup of Aut (S/K) = Bir (S/K) via τ as follows:
This work is much inspired by recent two remarkable works, due to Lesieutre [Le17] in which a 6-dimensional example as in Theorem 1.1(2) is constructed, and due to Dinh and me [DO17] in which a complex surface example as in Theorem 1.1(2) is finally constructed.
We also note that the automorphism group of any K3 surface defined over any algebraically closed field of odd characteristic is finitely generated. This is shown by Lieblich and Maulik [LM11, Th. 6.1]. Theorem 1.1 (1) is then immediate as shown in Section 2.
Our proof of (2) is quite close to [DO17] . As in [DO17] , we explicitly construct a desired surface Y from some special Kummer K3 surface X in odd characteristic. In Section 3, we define this surface X and prove Theorem 1.1 (2) by studying the surface X and its suitable blow-up. Complex surfaces similar to X are fully studied in [Og89] and effectively applied in [DO17] . However, some arguments there are based on the global Torelli theorem for complex K3 surfaces (see eg. [BHPV04, Chap. VIII]) which is not available over k. We also use a result due to Jang [Ja13, Prop.3.5] on the finiteness of canonical representation of any non-supersingular K3 surface defined over any algebraically closed field of odd characteristic. This substitutes the finiteness of canonical representation in characteristic 0 ([Ue75, Th. 14.10]) used in [DO17] .
We prove Theorem 1.1 (1) in Section 2, Theorem 1.1 (2) in Section 3 and Corollary 1.2 in Section 4.
Throughout this paper, for a variety V defined over a field K and a closed subset W ⊂ V , we denote by Aut (V /K) the group of biregular automorphisms of V over the base field K and we denote
Similarly, we denote
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Proof of Theorem 1.1 (1)
In this section, we prove Theorem 1.1 (1). As in [DO17] , the following theorem will be frequently used in this paper.
Theorem 2.1. Let G be a group and H ⊂ G a subgroup of G. Assume that H is of finite index, i.e., [G : H] < ∞. Then, the group H is finitely generated if and only if G is finitely generated. From now we work over k 0 , an algebraic closure of F p , of odd characteristic. Let X be a K3 surface and Y a smooth projective surface birational to X. Then X is, up to isomorphisms, the unique minimal model of Y and we have a birational morphism
We are going to show that Aut (Y /k 0 ) is finitely generated.
Recall that Aut (X/k 0 ) is a finitely generated group by [LM11, Th. 6.1]. Hence the result follows when n = 0 (and this is only the place where we use the fact that k 0 is of odd characteristic). We set
Then there is a positive integer q, which is a power of p, such that X i , g j are all defined over F q and also P i ∈ X i (F q ) for all integers 0 ≤ i ≤ n − 1 and 1 ≤ j ≤ m. By definition, any g ∈ Aut(X/k 0 ) is then defined over F q and the blow-up π i are also defined over F q .
Let S = X(F q ). Then S is a finite set. We consider the blow-up p 0 : Y 1 → Y 0 := X at S and the exceptional divisor E S of p 0 . Here E S is a disjoint union of |S| P 1 s. Then Y 1 is defined over F q and S 1 := E S (F q ) is a finite set. We then consider the blow-up p 1 : Y 2 → Y 1 at S 1 . Then Y 2 is defined over F q . We repeat this process n-times, where n is the same positive integer n as in π : Y → X above, and get the birational morphism
By the choice of F q and by the construction of Z, each element of Aut (X/k 0 ) lifts to an element of Aut (Z/k 0 ) under ϕ. Thus the inclusion Aut (Z/k 0 ) ⊂ Aut (X/k 0 ) via ϕ is actually an equality, that is,
be the set of the irreducible components of the exceptional divisor of ϕ. By construction, the set {E j } N j=1 is preserved by Aut (X/k 0 ) under the identification made above. Thus, we have a group homomorphism
On the other hand, again by our choice of F q and the construction of Z, we have the
Then τ is the smooth blow-down of some irreducible curves in
. Thus any element of K descends to a biregular automorphism of Y via τ . Hence we have the following group inclusions
via τ and π. The resulting inclusion K ⊂ Aut (X/k 0 ) is then the same as the one via
Recall that Aut (X/k 0 ) is finitely generated ([LM11, Th. 6.1]). Hence by Theorem 2.1, Aut (Y /k 0 ) is finitely generated as well. This completes the proof of Theorem 1.1 (1).
Proof of Theorem 1.1 (2)
In this section, we prove Theorem 1.1(2) by constructing Y explicitly from an explicitly given Kummer K3 surface X below. Our main result of this section is Theorem 3.9. As mentioned in the introduction, our construction is very close to the one in [DO17] .
Let k be an algebraically closed field as in Introduction. Recall that
We finally reduce our proof of non-finite generation to the following lemma.
Lemma 3.1. The subgroup G t := t n |n ∈ Z of the additive group k = (k, +) is not finitely generated.
Proof. If otherwise, G t would be a finitely generated abelian group with F p -vector space structure induced by the one on k. So G has to be a finite dimensional F p -vector space, say of dimension d. Then the following d + 1 elements 1 , t , t 2 , . . . , t d of G t has to be linearly dependent over F p . Thus, there is
However, this contradicts to the fact that t is transcendental over F p .
Let E be the elliptic curve defined over k by the Weierstrass equation
Note that E/ −1 E = P 1 , the associated quotient map E → P 1 is given by (x, y) → x and the points 0, 1, t and ∞ of P 1 (k) are exactly the branch points of this quotient map. Let F be any supersingular elliptic curve defined over k. Note that there certainly exists a supersingular elliptic curve F over k and E is not a supersingular (see eg. subsection "Elliptic curves in Characteristic p > 0" in [Mu74, Sect.22]). In particular, E and F are not isogenous over k (see eg. subsection "The p-rank" in [Mu74, Sect. 15]).
Throughout this section, we denote by
the Kummer K3 surface accociated to the product abelian surface E × F , that is, the minimal resolution of the quotient surface E × F/ (−1 E , −1 F ) . We write
C 44 Figure 1 . Curves E i , F j and C ij kω X . Then ω X is a nowhere vanishing regular global 2-form on X and it is induced by a nowhere vanishing regular global 2-form on E × F . Since E and F are not isogenous, the Picard number ρ(E ×F ) of E ×F is 2 and therefore the Picard number ρ(X) of X is 18 by [Sh75, Prop. 1 and Appendix]. In particular, our K3 surface X is not supersingular.
Let
be the 2-torsion subgroups of F and E respectively. Then X contains 24 "visible" smooth rational curves as in Figure 1 . Here smooth rational curves E i , F i (1 ≤ i ≤ 4) are arising from the elliptic curves E × {a i }, {b i } × F on E × F . Smooth rational curves C ij (1 ≤ i, j ≤ 4) are the exceptional curves over the A 1 -singular points of the quotient surface E × F/ (−1 E , −1 F ) . Throughout this section, we will freely use the names of curves in Figure 1 . Definition 3.2. As in [DO17] , we set
We may and will use x in the Weierstrass equation of E as an affine coordinate on C and also assume that under the affine coordinate x,
We define the point P ∈ C(k) ⊂ X(k) by
that is, the intersection point of C and C 11 .
The following theorem was proved in [Og89, Lemmas (1.3), (1.4)] over C. However, the proof there is based on the global Torelli theorem for complex K3 surfaces and Hodge theory. So, one can not apply the argument there for our X over k.
Theorem 3.3. The following properties hold also over k.
(1) The Picard group Pic (X) is torsion free.
(2) θ * = id on Pic (X) and θ
Proof. Assume that L ∈ Pic (X) satisfies nL = 0 in Pic (X) for some positive integer n. Then (L, L) X = 0 and therefore χ(X, L) = 2 by the Riemann-Roch formula. Combining this with the Serre duality, we deduce that either L or −L is represented by an effective divisor. This implies L = 0, as (±L, H) X = 0 for a very ample divisor H on X by nL = 0 (n = 0). This proves (1).
By ρ(X) = 18, we see that Pic (X) ⊗ Q is generated by the 24 rational curves in Figure  1 . It is clear that θ preserves each of these 24 curves. It follows that θ * = id on Pic (X) ⊗Q and therefore θ * = id also on Pic (X) by (1). By the shape of θ, clearly θ * ω X = −ω X . This shows (2).
The first assertion of (3) is an immediate consequence of our assumption that E and F are not isogenous. Let
We are going to show that g = id X . We have g * = id on Pic (X) by (1) and g * ω X = ω X by the definition of g. In particular, g(R) = R for all smooth rational curves R ⊂ X. This is because g * (R) = R in Pic (X) and |R| = {R} by (R 2 ) = −2. Here we recall that (R 2 ) = −2 for any smooth rational curve R on X by the adjunction formula. Thus
Let V be the blow-up of E × F at the sixteen 2-torsion points P ij and D ij ⊂ V the exceptional curve over the 2-torsion point P ij . The induced morphism π : V → X is a finite cover of degree 2 branched along i,j C ij . Since Pic (X) is torsion free and since any degree 2 map is separable over k of odd characteristic, the converse is also true. That is, if π ′ : V ′ → X is a finite double cover branched along i,j C ij , then π : V → X and π ′ : V ′ → X are isomorphic over X (See eg. [Fu83, Th. 2.6]). Applying this for g • π : V → X and π : V → X, we deduce that g lifts to an automorphism
for each 2-torsion point P ij of E × F and g * E×F ω E×F = ω E×F . Write g E×F = (g E , g F ) (g E ∈ Aut (E/k), g F ∈ Aut (F/k)) by using the first assertion of (3). Then g E = ±1 E and g F = ±1 F by g E×F (P ij ) = P ij . Combining this with g * E×F ω E×F = ω E×F , we obtain that g E×F = (−1 E , −1 F ) or (1 E , 1 F ). Hence g = id X , i.e., θ • f = f • θ on X. This proves (3).
The assertion (4) is immediate from the shape of θ. The assertion (5) follows from (3) and (4). This completes the proof. Proposition 3.4. Aut (X/k, P ) ⊂ Aut (X/k, C). That is, f (C) = C holds for every f ∈ Aut (X/k, P ). In particular, Aut (X/k, P ) = Aut (X/k, C, P ) .
Proof. By Theorem 3.3, we have Aut (X) = Aut (X, B). This implies the result, because C is the unique irreducible component of B such that P ∈ C(k).
Lemma 3.5. Let R ⊂ X be a smooth rational curve such that R ⊂ B. Then
(1) θ(R) = R and θ| R ∈ Aut (R/k) is of order 2. Moreover, θ| R has exactly two fixed closed points and d(θ| R ) Q = −1 at each fixed closed point Q ∈ R(k) of θ| R . (2) Assume furthermore that P ∈ R(k). Then, for each f ∈ Aut (X/k, P ), either f (R) = R or f (R) and R are tangent at P .
Proof. Note that −1 = 1 in the field k of odd characteristic. So, once Theorem 3.3 is established, then exactly the same proof as [DO17, Lem. 3.5] works also over k.
Recall that Aut (X/k, P ) = Aut (X/k, C, P ) (Proposition 3.4). We define two differential representations of Aut (X/k, P ), d X,P on the tangent space T X,P ≃ k 2 and d X,C,P on the tangent space T C,P ≃ k, and two subgroups G(X, P ) and G(X, C, P ) of Aut (X/k, P ) by
Clearly G(X, P ) ⊂ G(X, C, P ) as groups.
Let 0 = v 1 ∈ T C,P ⊂ T X,P and 0 = v 2 ∈ T C 11 ,P ⊂ T X,P . Then v 1 , v 2 forms a basis of the k-vector space T X,P . Proposition 3.6. Im (d X,P ) is simultaneously diagonalizable with respect to the basis v 1 , v 2 of T X,P .
Proof. This is because df P (f ∈ Aut (X/k, P )) preserves T C,P and also preserves T C 11 ,P by Lemma 3.5(2).
Let K be any algebraically closed fied of odd characteristic and let S be any K3 surface defined over K. Then we have
is called the canonical representation of S or of Aut (S/K).
Theorem 3.7. The image α(Aut (S/K)) of the canonical representation is a finite group, hence a finite cyclic group, for any non-supersingular K3 surface S defined over any algebraically closed field K of odd characteristic.
Proof. This is proved by Jang [Ja13, Prop.3.5] as an important consequence of [LM11, Th. 6.1].
Recall that G(X, P ) is a subgroup of G(X, C, P ).
Proposition 3.8.
(1) [G(X, C, P ) : G(X, P )] < ∞.
(2) G(X, P ) is not finitely generated.
Proof. First, we prove the assertion (1). Let f ∈ Aut (X/k, P ). Then by Proposition 3.6, we have
Then for the canonical representation α of Aut (X/k), we have
Then α(f ) = α 2 (f ) for f ∈ G(X, C, P ), as α 1 (f ) = 1 for f ∈ G(X, C, P ). Thus
by Proposition 3.6, and therefore
by Theorem 3.7. This completes the proof of the assertion (1). Next we shall prove the assertion (2). Consider the group representation
Then by the definition of G(X, C, P ), we have f | C (P ) = P and d(f | C ) P = 1 on C = P 1 . Under the affine coordinate x of C, the automorphism f | C ∈ Aut (C/k) is then of the form
Thus Γ is isomorphic to a subgroup of the additive group k = (k, +) and therefore Γ is an abelian group with F p -linear space structure. Now, to conclude Proposition 3.8 (2), it suffices to show that Γ do have a non-finitely generated subgroup. Indeed, then, Γ is not also finitely generated, as Γ is an abelian group. Hence G(X, C, P ) is not finitely generated, as its image Γ := τ (G(X, C, P )) is not finitely generated. Since [G(X, C, P ) : G(X, P )] < ∞ by Proposition 3.8, G(X, P ) is not finitely generated as well, by Theorem 2.1.
In the rest, we will find a non-finitely generated subgroup of Γ by constructing various (quasi-)elliptic fibrations with section on X.
As in [DO17] , consider the following two divisors D 1 and D 2 of Kodaira's type I 8 and IV * on X:
Thus, by [DO17, Prop. 3.8], which is also valid over any algebraically closed field K (if one replaces the term "elliptic" there by "quasi-elliptic" when K is of characteristic 2, 3), we obtain two (quasi-)elliptic fibrations
with D 1 as a singular fiber and two global sections C 31 , C 41 meeting C, and
with D 2 as a singular fiber and two global sections C 21 , C 31 meeting C.
Choose C 31 as the zero section of ϕ D 1 and C 21 as the zero section of ϕ D 2 . We now consider the Mordell-Weil groups MW (ϕ D i ) (i = 1, 2), that is, the group of the global section of ϕ i . Then MW (ϕ i ) is an abelian subgroups of Aut (X/k) = Bir (X/k).
Let f 1 and f 2 denote the automorphisms of X given respectively by C 41 ∈ MW(ϕ D 1 ) and C 31 ∈ MW(ϕ D 2 ). As in the complex case [Ko63] (see also [DO17, Prop. 3 .9]), by a result of Néron ([Ne64] ), f 1 acts on
by the multiplication by t and f 2 acts on
by the addition by 1, with respect to the affine coordinate x of C and the coordinate values
In particular, both f i (i = 1, 2) preserve C and the induced actions f i | C ∈ Aut (C/k) on C are given, under the coordinate x, by
i.e., the additive translation by t n , and therefore
for any integer n. Consider the following subgroup
of Γ. By the description above, Γ 1 is isomorphic to the group G t in Lemma 3.1. Thus, Γ 1 is not finitely generated by Lemma 3.1. This completes the proof of the second assertion (2).
Let π 1 : Y 1 → X be the blow-up of X at P and E P ⊂ Y 1 the exceptional curve. We
Here v 1 and v 2 are tangent directions of C and C 11 at P . We then take the blow-up
The following theorem completes the proof of Theorem 1.1 (2).
Theorem 3.9. Aut(Y /k) is not finitely generated.
Proof. As f | T X,P = id T X,P for f ∈ G(X, P ), we have
By Proposition 3.8, the group G(X, P ) is not finitely generated. So, if [Aut (Y /k) : G(X, P )] < ∞, then the result follows from Theorem 2.1.
In what follows, we prove [Aut (Y /k) : G(X, P )] < ∞. Observe that
, where E ′ P is the proper transform of E P and E Q is the exceptional divisor of the second blow-up Y → Y 1 at Q. Thus, for every f ∈ Aut (Y /k), we have
Therefore, via p 2 and p 1 , we can identify
Let f ∈ Aut (Y /k). We regard f ∈ Aut (Y 1 /k) and f ∈ Aut (X/k, P ) under the identification above. Then, by Proposition 3.6, f fixes [
Therefore, for f ∈ Aut (X/k, P ), we have f ∈ Aut (Y /k) if and only if f | E P = id E P , that is, if and only if df P = c(f )id T X,P for some c(f ) ∈ k × . Then f * ω X = c(f ) 2 ω X and hence
Here α is the canonical representation of Aut (X/k) and
by Theorem 3.7. This completes the proof of Theorem 3.9.
Remark 3.10. Under terminologies of [DO17] , what we proved here is nothing but the fact that Y is a core surface associated to a very special triple (X, C, P ) over k.
Proof of Corollary 1.2
In this section, we shall prove Theorem 4.1. Theorem 1.1 (2) and Theorem 4.1 clearly imply Corollary 1.2 in Introduction.
Theorem 4.1. Let k be the base field as in Introduction and let d be an integer such that
Let Y be a smooth projective surface in Theorem 1.1 (2) and let C g i be a smooth projective curve of genus g i defined over k. Then
is a smooth projective variety of dim Y d = d such that Aut (Y d /k) is discrete and not finitely generated.
In the rest of this section, we prove Theorem 4.1.
Proof. By the Künneth formula, we have Remark 4.3. There is a smooth projective surface S of general type with non-zero regular global vector field over k ( [La83] ). In particular, unlike in characteristic zero, Aut (V /k), and hence Aut ((Y × V )/k), could be non-discrete even if V is a smooth projective variety of general type.
Lemma 4.4. One has
under the natural inclusion of the right hand side into the left hand side.
Proof. We prove the equality by the induction on d − 2. If d − 2 = 1, then the result is clear. Now assume d − 2 ≥ 2. Set
We denote any closed point of Z as (x, t) where x ∈ C g 1 and t ∈ Z ′ . Notice that genus does not change under any inseparable morphism. Thus, there is no non-constant morphism from C g i to C g j whenever i < j, that is, whenever g i < g j (See eg. [Ha77, Chap IV, Sect 4.2]). Hence if C ⊂ Z is isomorphic to C g 1 , then C is a fiber of the projection to the second factor:
Hence Aut (Z/k) preserves π. It follows that any F ∈ Aut (Z/k), which is discrete, is of the form F (x, t) = (f t (x), f (t)) where f ∈ Aut (Z ′ ) and f t ∈ Aut (C g 1 /k) parametrized by t ∈ Z ′ . As Aut (C g 1 /k) is discrete, it follows that f t does not depend on t. Thus Aut (Z/k) = Aut (C g 1 /k) × Aut (Z ′ /k) , and the result follows from the induction on d − 2.
Lemma 4.5. Aut (Z/k) is a finite group.
Proof. This follows from Lemma 4.4 and the fact that Aut (C g i /k) is a finite group. The finiteness of Aut (C g i /k) can be shown as follows. By considering pluricanonical morphisms of C g i , one can regard Aut (C g i /k) as a Zariski closed subscheme of PGL (N, k) for some positive integer N. As Aut (C g i /k) is discrete (Lemma 4.2), Aut (C g i /k) is then a reduced Zariski closed subscheme of dimension 0 of PGL (N, k). As PGL (N, k) is noetherian, it follows that |Aut (C g i /k)| < ∞ as claimed. 1 (2) ). Hence by Theorem 2.1, Aut (Y d /k) is not finitely generated as well. This completes the proof of Theorem 4.1.
